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Abstract 



The purpose of this article is to study the behavior of a heterogeneous thin film whose microstructure os- 
cillates on a scale that is comparable to that of the thickness of the domain. The argument is based on a 
3D-2D dimensional reduction through a F-convergence analysis, techniques of two-scale convergence and a 
Ph ' decoupling procedure between the oscillating variable and the in-plane variable. 
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1 Introduction and main result 



In this work we study the asymptotic behavior of a heterogeneous e-thin domain with periodic microstructure of 
period £, as e — *■ 0, through a r-limit analysis. Techniques of two-scale convergence and a decoupling procedure 
^|H ' between the microscopic oscillating variables and the macroscopic in-plane variables are used to derive the 
^^ , relaxed two-dimensional energy from its three-dimensional counterpart. 

^«0 ■ Let w be an open and bounded subset of M^. For each < e ^ 1 define ^^ :— u; x (— e,e). Consider a 

deformable thin body occupied by a hyperelastic material with a periodic microstructure of period e whose 
f~i ■ reference configuration is given by the thin domain il^, and whose stored energy density W{e) : fl^ x M.^^^ — > R 
jrt . is assumed to be a Caratheodory function satisfying some p-growth and coercivity conditions (1 < p < oo). 
Ch ' We assume that the body is pinned on the lateral boundary, that is v{x) = x on doj x (— e,e), for all its 
.. ', admissible deformations, and that it is subjected to the action of regular surface traction densities g{e) on 
^ ■ Eg := w X {— £, e}, and regular dead loads /(e). The total energy of this body under the action of this forces is 
k> I the difference between the elastic energy and the work of external forces. More precisely. 



S{e){v):^l W{e){x]Dv)dx- f{e)-vdx- g{e)-vdn^, 

for V G V(e) := {v € VK^'P(Oe;K^) : v{x) — x on duj x (—£,£)}, and where H^ stands for the two-dimensional 
Hausdorff measure. It may occur that the minimization problem associated with this energy admits no solution 
over the set of kinematically admissible fields V(£). However, we can introduce the notion of almost-minimizer 
of £(e), v{e) € V(£), by requiring that 

£:(£)(«(£)) ^ inf £{e){v)+eh{e), 

fGV(e) 

where h{e) \ O"'' when £ ^ 0. Note that if the minimization problem admits a solution - for instance if VF(£) 
is quasiconvex in its second variable - then we can take h = 0. 

As usual, in order to study this problem as £ — > we rescale the £-thin body into a reference domain of unit 
thickness (see e.g. Acerbi, Buttazzo and Percivale [2], Anzellotti, Baldo and Percivale [4], Le Dret and Raoult 



[18], Braides, Fonseca and Francfort [11]), so that the resuhing energy wiU be defined on a fixed body, while 
the dependence on e turns out to be exphcit in the transverse derivative. For this, we consider the change of 
variables 

0.^ ^ n := LO X I , (xi,X2,xz) H^ ( a;i,a;2, -X3 

and define u{xa,xj,/ e) ~ v{xa,xj,) on the rescaled cyhnder f2, where / := (—1,1) and Xq, :~ (a;i,a;2) is the 
in-plane variable. It is well known that membrane theory arises at the order e of a formal asymptotic expansion 
(see Fox, Raoult and Simo [17]), provided that the body forces are of order 1 and the surface loadings are of 
order e. Since this energy is of order e we divide the total energy by e and, in addition we assume that 

f{e){Xa,eX'i) = f{Xa,X3), 

g{e){xa,ex3) = eg{xa,X3), 

where/eLP'(f7;R3),geLP'(S;R3) {1/p+l/p' = 1) and S :=cjx{-l,l}. If We(x„,a;3; •) = T4^(e)(a;„, 2x3; •), 
for fixed e minimizing £{s) on V(£) is equivalent to minimizing 

£e{u) := _l£lM = We (x;Dau{x) -L>3u(x)) dx - f ■ udx - g ■ udH^ 

on Ve ■■= {u e W^'P{n;R^) : u{x) = (xc^exa) on du x /}. Denote by A = ^ for i G {1,2,3} and D^ = 
(Di, -D2). In the sequel, we identify W^^^ (resp. Q'^^^) with the space of real (resp. rational) d x N matrices. 
For all ^ = (21IZ2) e E'^^^ and z E M'', (^|z) is the matrix whose first two columns are zi and Z2 and whose last 
one is z. Denoting a almost-minimizer of the rescaled energy by Ui;{xa, X3) :— v{e){xa, sx^), we obtain 

Seiue)^ inf £e{u) + h{e). (1.1) 

Our aim is to study the asymptotic behavior of the equilibrium problem (l.l)as£^0 via a F-convergence 
method (we refer to Braides and Defranceschi [10], Braides [12] and Dal Maso [14] for a comprehensive treatment 
and bibliography on F-convergence). 

The motivation for studying problem (1.1) comes from the work in Braides, Fonseca and Francfort [11] where 
the authors have established an abstract dimensional reduction variational convergence result in a general setting 
for a family of stored energies of the form IVg(a;;^) and derived specific characterizations for particular cases. 
In Section 3 of [11] a heterogeneous nonlinear membrane model is derived by F-convergence, and heterogeneity 
in the transverse direction is considered. Precisely, the authors treat the case where the stored energy density is 
of the form W{x3; £,), generalizing the previous work of Le Dret and Raoult in [18] who treated a homogeneous 
material, i.e. when W depends only in ^. Later, Babadjian and Francfort [5] considered energies of the form 
W{x;£,) with a general heterogeneity. Furthermore in Section 4 of [11], a 3D-2D analysis coupled with a 
homogenization in the in-plane direction is studied in the case where W^ix;^) — W{x3,Xa/£;0- Shu [23] also 
investigated similar problems, in the framework of martensitic materials, with different length scales for the film 
thickness and the material microstructure. 

Here we propose to establish a dimensional reduction and homogenization result, where both scales are 
identical, by adding in the stored energy density an explicit dependence on the macroscopic in-plane variable 
Xa- Namely, we assume that We{xa,X3]-) = W{xa,X3,Xa/e;-) for some function VF : fi x M^ x M.^^"^ -^ M 
whose hypotheses will be introduced later. 

Two features differentiate our approach from what is available in most of the literature in the subject. The 
first one is the use of a two-scale convergence argument (see Nguetseng [21, 22] and Allaire [3] for the notion 
and properties of two-scale convergence) . The same argument was used by Baia and Fonseca in [6] in a purely 
homogeneous context, i.e. without considering the dimensional reduction problem. The second feature is due to 
the definition of the homogenized stored energy in which two independent variables appear (see identity (1.4) 
below). To take into account this structure, we are led to decouple the macroscopic in-plane variable Xa from 



the microscopic oscillating variable x^j e via an extension argument along the lines of Babadjian and Francfort 

[5]. 

For a comprehensive treatment on the homogenization of integral functionals via a F- limit approach, we refer 
to Braides and Defranceschi [10] and references therein. We will denote by L^ the A^-dimensional Lebesgue 
measure in M.^ (in the sequel N will be equal to 2 or 3). 

For each e > we define J^ : LP(f7; M^) ^ 1 by 



X,{u) := 



W ( x„, xg, — ; Dau(x) -D^u{x)\ dx if M G T4^i'P(f7; M^)^ 



(1.2) 



with 1 < p < oo, where we assume that T4^ : 51 x M 
(iJi) Wix, • ; • ) is continuous for a.e. a; e fl; 
iii^) W^( ■ ,ya',£,) is measurable for all {ya,£.) G M^ 
(H^) there exists < (3 < +oo such that 

1 



otherwise, 
satisfies the following hypotheses: 



p3x3. 



P 



\^\P -(3i^W{x,yc;0 ^^ /?(! + ICD, for a.e. a; e fl and for all (y„,0 G K^ x 



1)3x3. 



(Hi) W{x, • ;^) is Q'-periodic for a.e. x e Q and all ^ G IR-^^'^, where we denote by Q' = (0, 1) the unit cube 

of M2 

Remark 1.1. We remark that due to hypothese (Hi) and {H2) the function T4^ is a Caratheodory integrand 
as W{x,-;-) is continuous a.e. x E fl and W{-,ya;£,) is measurable for all j/q, G R^ and £, G R-^^"^. This 
implies (see e.g. Proposition 3.3 in Braides and Defranceschi [10] or Proposition 1.1, Chapter VIII in Ekeland 
and Temam [15]) that W is equivalent to a Borel function, that is there exist a Borel function W such that 
W{x, ■ ; ■) — W{x, • ; • ) for a-e. a; G fi. As a consequence the integral in (1.2) is well defined. As noted by 
Allaire in [3], Section 5, the measurability of W in the pair {x,ya) does not let us conclude that, for fixed ^, 
the function x 1-^ W {x, Xa/s; ^) is measurable. The continuity of W{x, ya] S.) in at least one of the variables x 
or ya turns out to be sufficient to guarantee the measurability of this function. In the present paper, we decide 
to impose the continuity in the ya variable. Note that we could also have considered W to be continuous in x 
and measurable in ya but the proof of our main result does not hold anymore in this context. 

As for notation, we will identify T4^-^'P(w;M^) with the set of fimctions u G VF^'P(ri;R^) such that D3u{x) = 
for a.e. x G 51 and we will use the notation F(iP(fl))-limit whenever we refer to the F-convergence with respect 
to the usual metric in _L^(ri;R'^). We prove the following main result. 

Theorem 1.2. // W satisfies {Hi)-{Hn), then the family {Xgl^^o F(iP (51)) -converges to the functional X\ia-m '■ 
LP(11;M3)^K defined by 



Ihom{u) 

where 14^110111 is given by 



2 / Whom{Xa; DaU{Xa))dXa ifueW^'P{uJ; 

otherwise, 



(1.3) 






-,ip{y)\D:iip{y))dy: 
ip e VKi'P((0, Tf xI-M?), ifi^Q on 9(0, Tf x I) (1.4) 



/or a.e. x^ G w and all ^ G 



p3x2 



As a consequence of Theorem 1.2 we deduce the usual convergence of (alniost-)niinimizers. More precisely, 
we have the following result. 

Corollary 1.3. Let {u^} d Ve be a sequence of almost-minimizers for {2g}^^Q (see identity (1.1)). Then {u^} 
is weakly relatively compact in W^'f{fl;M.^). Furthermore, any limit point u of this sequence is a solution of the 
minimization problem 

min <2 Whom{Xa; DaV{Xa)) dXa - / (f + g'^ + g^){Xa) ■ v{Xa) dXa 

where f := \ j\ f {■ , x^) dx^ and g^ -.^ g{-,±l). 

This corollary departs from the classical result on the type of boundary conditions that have been considered 
(see e.g. Proposition 7.2 in Braides and Defranccschi [10]). This difhculty is overcome by the fact that we can 
prescribe the lateral boundary conditions of recovering sequences (see Remark 3.2). We do not include the proof 
of this corollary here because it is similar to that of Corollary 1.3 in Bouchitte, Fonseca and Mascarenhas [9]. 

The plan of this work is as follows: In Section 2 we will discuss some properties of Whom, namely that it is 
well defined, proving that the limit on the right hand side of (1.4) exists, and that Whom(a^a; • ) is continuous 
for a.e. Xa € w. Section 3 is devoted to the proof of our main result, Theorem 1.2. The starting point of 
our analysis is the F-limit integral representation result, Theorem 2.5, in Braides, Fonseca and Francfort [11]. 
Our objective is to identify the limit integrand, showing that it coincides (almost everywhere) with VFhom- We 
will use an argument of two-scale convergence to derive an upper bound for the limit integrand (Lemma 3.4). 
Since the problem at fixed e and the asymptotic problem as e — > are of different nature (one is a full three- 
dimensional problem, the other a two-dimensional one), we will need to use a decoupling argument to prove 
the other inequality (Lemma 3.5). For this purpose it will be convenient to extend W io a function which is 
(separately) continuous everywhere. This is the aim of Lemma 4.1 (see Appendix in Section 4) which provides 
conditions under which a Caratheodory function such as W can be extended to a separately continuous function 
in the macroscopic in-plane variable Xa and the microscopic variable Xa/s- 

2 Preliminary results 

In this section we will prove some properties of the stored energy Whom that will be of use in the proof of 
Theorem 1.2. 

Remark 2.1. To prove Theorem 1.2 we may assume, without loss of generality, that W is non negative. Indeed, 
in view of [H^) it suffices to replace W hy W + (3. 

We begin by showing that in the definition (1.4) of Whom the limit as T ^ +oo exists. The proof of this 
property is a direct consequence of a result due to Licht and Michaille [19], Theorem 3.1 (see also Lemma 4.3.6 
in Bouchitte, Fonseca and Mascarenhas [8]). 



Lemma 2.2. // W satisfies {Hi)-{H/C), then 

Whom(a;a;?) = ^lim inf | -^ / W{xa,yz,ya]1+ Dcip{y)\Dzip{y))dy: 

T-+00 V ^2T^ J(n,Tf>^i 

if G W^'P{{0, Tf X /; M?), ip^O on d(0, Tf x /| 

exists for a.e. Xa (z lo and all S, G M'^^^. 

Proof. Let x^ e lu he such that (Hi), {H3) and (i/4) hold and let ^ G M^""^. Define ^ : A{M.'^) -^ M+ by 



^i{A) := inf|- / W{xa,y3,ya;^ + Da,ipiy)\D3ipiy)) dy : 
If G W^'P{A X /;M^), (^ = on aA X /|, 

where ^(K^) stands for the family of open subsets of M^. 

The function /i is well defined and, thanks to {H3), it is finite. Moreover this set function satisfies the 
assumptions of Theorem 3.1 in Licht and Michaille [19]. Indeed firstly, by {H3), fi{A) < /3(1 + \^\p)C'^{A) for 
all A_e yl(M2)_Secondly, ^ is subadditive, that is ^(C) < fi{A) + fi{B) for aU A, B, C e AiR"^) with AnB ^0 
and TJ = ~A\J^. Finally, by (i/4), for any i G Z^, ii{A + i) = ^l(A) for aU A G yl(R^). As a consequence the 
limit 

hm -5 = WhomiXaA) 

exists. ■ 

Remark 2.3. It can be proved that the limit as T ^ +00 in (1.4) can be replaced by an infimum taken for 
every T > (see Braides and Defranceschi [10] or Baia and Fonscca [6]). 

Now that VFhom is well defined, we will show that W]^om{xa] •) is continuous for a.e. x^ G w for later use in 
Theorem 1.2. To prove this property directly it seems that we need more than merely the continuity condition 
imposed on W{x, y^, •) (e.g. a p-Lipschitz condition). We remark that if W{x, j/q; •) was quasiconvex, then by 
the p-growth condition (i^s), W{x,ya] •) would satisfy a p-Lipschitz condition (see Lemma 2.6 below). Since 
we do not want to a priori restrict the stored energy density too much, in order to compensate for this lack 
of regularity we first prove in Lemma 2.5 that the value of Whom does not change if we replace W by its 
quasiconvexification QW (see Remark 2.4 below). 

Remark 2.4. For a.e. x e ^, all ya G R^ and all ^ G R^^^ define 

QW{x,y^;0 ■=[QW{x,y^; -M) 
where QW{x, ya] ■) stands for the usual quasiconvexification of W{x, ya] ■ ). Then, the function QW{x, ya] ■) 
is quasiconvex (see e.g. Dacorogna [13]) and satisfies {Hi)-{H4) with the exception that QW{x, •; C) n^ay only be 
upper semicontinuous for a.e. x G fl and all ^ G M^^'^ (as the infimum of continuous functions). By an argument 
similar to that of Lemma 2.2 we conclude that 

{QW)hom{xa;0= lim inf<--2 / QW{xa,y3,ya;l+Daf{y)\D3'f{y))dy: 

ip G W^'P((0, Tf X /; M^), ip = Oon d{0, r)^ x / i 



exists for a.e. Xa G uj and all ^ e R-^^^. 

Lemma 2.5. IfW satisfies {Hi)-{Ha), then {QW\om{xa]C) ~ Whom{xa]i) for a.e. x^, <Elj and all S, G M?'^'^ . 

Proof. Let x^ G w be such that both {QW\om{xa\ ■ ) and W\iom{xa\ ■ ) are well defined. Since W ^ QW , we 
have Whom(a^a;?) ^ {QW)\yom{xa;i) for all J € M^^^. Let us prove now the converse inequality. Let J G R^^^. 
For each n > 0, let r„ e N and ^„ G VF1'°°((0,T„)2 x /;R3) satisfying ^„ = on 5(0,T„)2 x /, be such that 



-11/" 

(QVF)hom(a;a;C) + - ^ TPT;^ / QW^(a;a,y3,ya;C + ^a</3«(y)|-D3'y5n(2/)) ^y- 

'n J(0,T„)2x/ 



n 2T2 



The Lipschitz regularity of (/3„ is ensured because of the density of VK^'°°((0, T„)2 x /; M'"^) in T4^^'P((0, T„)2 x 
/;M'^) together with the p-growth condition (i/3). Thus 

(QVK)hom(a;a;C') ^ limsup-— 2 / QVK(xa,y3, y^; J +£>„</?„ (y)|i:)3</?„(y)) dy. (2.1) 

For each n G N fixed, by Acerbi-Fusco Relaxation Theorem (see Lemma IILl and Statement III.7 in [1]) and 
Remark 2.1, there exists a sequence {ipn.k\k C VF-^'°°((0,T„)2 x I-.M?) satisfying ipn,k ~ fn on 9[(0,T„)2 x /] 
with ipn,k ^ fn and such that 

k — >+oo 

:-^ / QW{xa,y3,ya;I + Do,ipn{y)\D3ipn{y)) dy 

^-^n J(0,T„)2x/ 



= 1™ ^:pF2 / W{xa,y3,ya;^ + Daipn.k{y)\D3ipn.k{y))dy. 

k^+00 Zl„ J(o,T„)2x/ 

From (2.1) we have 



iQW)homiXa;0 ^ lim sup lim sup — 2 / W{Xa,y3,ya;^ + Da'.pn,k{y)\D3fn,kiy))dy 

^ limsup inf < -— ^ / VF(xa,y3, yc,; J+ £'a<y5(y)|D3(^(y)) dy : 

(/?G VKi'P((0,r„)2 X /;K3)^ (/J == on 9(0, r„)2 x/i 

= Whom (a;^; J). 

■ 

We are now in position to prove the continuity of Whom m its second variable : 

Lemma 2.6. Let W satisfying {Hi)-{H4), then Whom(a;Q; •) is continuous on K.'^^^ for a.e. Xa G uj. 

Proof. We observe that by the p-growth condition in (H3) and Remark 2.4, QW satisfies a p-Lipschitz condition 
(see Marcellini [20]): There exists /? > such that for all y^ G K^ and a.e. x E H,, 

|QW(x,y„;6) - QW(a;,y„; ^2)1 < /3(1 + I^T' + I6r')lei - ^2!, Ci, 6 e K^x^. (2.2) 

Take x^ E uj such that both (QW)hom(2;a; •) and Whom(2;a; •) are well defined. By Lemma 2.5 we have 
(QW)hom(a;„; • ) = Whom(a:a; • )■ Given ^ G M^'^Met J„ ^ ^ in M3x2 ^j.^^^^ ^j^g definition of Whom(a;a;0, for 
fixed 6>0 choose T G N and (p G W^'P{{0, Tf x /; R^)^ (^ = on 9(0, Tf x /, such that 



1 

/(0,T)2x/ 

Therefore, Remark 2.3 yields 



Whom(a;a;C) + '5^ ^ / W{x^,y3,y^;^ + DMv)\D3^iv))dy. (2.3) 



limsupVFhom(a;a;^„) < limsup— ^ / W{xa,y3,ya;^ri + Da(p{y)\D3tp{y)) dy 

= ■^^^ / VV{xa,y3,ya;l + Daipiy)\D3(p{y)) dy 

due to hypothesis (-ffi), the p-growth condition in (H^) and Lebesgue's Dominated Convergence Theorem. So 
by (2.3) and letting S ^ we conclude that 

lim sup Whom (a;a;Cn) ^ Whom{Xa;S,)- (2.4) 

n— *+oo 

Similarly, for each n G N consider T„ e N (r„ / +oo) and (^„ e W1'P((0, T„)^ x /; M^)^ (^„ = on d{0, Tnf x /, 
such that 



-11/" 
Whom(a;a;^„) + - ^ t^?;! / QW{xa,y3,ya;U + Daipn(.y)\D3Lpn{y))dy 

QW{Xa,y3,Tnya;In +Dafn{Tnya,y3)\D3(fn(Tnya,y3))dy 
'xl 

QW{Xa,y3,Tnya;1n + Da1pn(y)\TnD3tpn{y)) dy, 



'^ IQ'XI 



after a change of variables and where tpn{y) '■— ^'■Pn{TnVa,y3)- Clearly the function ipn belongs to W^'P{Q' x 
/; R3) and V;„ = on dQ' x I. 

By the p-coercivity hypothesis in {H^} and (2.4), the sequence {{DaipnlTnDsipn)} is bounded in L'p{Q' x 
J. ]g3x3-j uniformly in n. We can write that 



liminf / QW{xa,y3,Tnya]i„ + Datpn{y)\TnD:iipn{y)) dy 
^liminf / [QW(x„,y3,T„y„;J„ + i?aV'«(2/)|T„i?3V'n(2/)) 

~QW{Xa,y3,Tnya;'^ + Da1pn{y)\TnD3tpn{y))] dy 

+ liminf / QW{xa,y3,T.aya;l + Daip„{y)\TnD3ipn{y)) dy. 

"^^+°^ Jq'xI 

Using (2.2), Holder inequality, the fact that {j|(I?Q,V'n|7n-D3^n)||LP(Q'x/;R^>'-^)} is bounded and ^„ -^ ^, we 
obtain 

liminf / [QW{xc,,y3.Tnyc.;ln + D^i,^{y)\TnD3My)) 

-QW{Xa,y3,Tnya;I + Datpn{y)\TnD3tpri{y))] dy = 0, 



and consequently 



liminf Whom(a;a;^„) > liminf-/ QW{xa,y3,Tnya;£, + Daipn{y)\TnD3tp,i{y))dy 

ra^+oo n^+oo Z Jq'xI 

= liminf-— / QW{xa,y3,ya;l+ Da(pn{y)\D3ipn{y))dy 



n J(0,T„)2x/ 

> (QVK)hom(a:„;0 

= Wi,om{x^;0. (2.5) 

From (2.4) and (2.5), we conclude that W\iom{xa', •) is continuous at S,- ■ 

3 Proof of Theorem 1.2 

We start by localizing our functionals. Representing by A{u}) the class of all open subsets of uj, define T^ : 

LP(0;R3) xA{uj)^Rhy 



Ie{u;A):= 



Xn 



Axl \ £ 



W a;„, ^3, —;Dau{x) -D^uix) ] dx if m G W^''p{A x /; M?), 



£ 



otherwise. 



We will prove that the family of functionals {I^{-]A)}^^q F-converges with respect to the U'{A x J;M^)- 
topology to the functional Xhom(-; ^) : -^^(^; K^) ^ K 



2/ VFhom(a:„;i?au(x„))dx„ ifweT4^i'P(A;R3), 
Xhom(w;A):= <( -^^ (3.1) 

foo otherwise, 

for all A e A{lo). As a consequence, taking A = u> yields Theorem 1.2. 

For any A G A{u}) and any sequence {ej} \ 0"*", consider the F-lower limit of the family {Xg.(-; A)}jgN, 
X{,^}(-;A):LP(r!;M3)^l^ given by 

T{^^y{u] A) := inf I liminf X^^ ("j; ^) : %■ ^ m in LP{A x /; K'^) I . (3.2) 

Remark 3.1. In view of the coercivity condition (i/4), for all A e A{uj) wc have that I^^.^{u\A) = +00 
whenever u G LP{fl; K"^) \ VF^'P(y4; M'^), hence our objective is to characterize l^^.y{u; A) for u e W^'P{A; M"^). 

By virtue of Remark 3.1, together with Theorem 2.5 in Braides, Fonseca and Francfort [11], it follows that 
every sequence {ej} admits a subsequence {sj^} = {e„} such that I{£^j( • ; A) defined in (3.2) is the r(LP{AxI))- 
limit of {Ie„{ ■ ; ^)}nGN for all A E A{uj). Further there exists a Caratheodory function VFr^^} : uj x M''^^ -^ R 
such that 



^{e„}(";^) = 2 / W[^^y{Xa;DaU{Xa))dXa, (3.3) 

J A 

for aU A e A{lu) and all u e W^-p{A;R^). Our aim is to show that If^,^y{-;A) =Xhom(-;^) on W^-p{A;E.^) for 
all A e A{uj). Given A E A{lli), in view of the integral representation (3.3) and (3.1), it is enough to show that 
W{e^}.(xQ.;^) = Whom(a;Q;^) for a.e. Xa & A and all ^ G K.^^^, and thus to work with affine functions instead of 
general Sobolev functions. We will prove that W^g^-j{xa;£.) ~ Whom{xa',£.) for a.e. x^ G w and all ^ e K''^^. 



Remark 3.2. Lemma 2.6 of Braides, Fonseca and Francfort [11] implies that X^^-j{u;A) is unchanged if the 
approximating sequences {uj} are constrained to match the lateral boundary condition of their target, i.e. 
Uj = u on dA X /. 

^From now onward, {e„} will denote a subsequence of {ej} for which the T{Lf{Ax /))-limit oi {T^^{-; A)}nen 
exists and coincides with T^^^j{-; A) for all A e A{llj). 

For each T > consider St a countable set of functions in C°°([0,T]^ x [—1, 1];M^) that is dense in 

WT = {'pe W^'P{{0, Tf X /; M^) : (^ = on 9(0, Tf x /}. 
Definition 3.3. Let L be the set of Lebesgue points a;° for all functions 

W^{e„}(-;?), w^hom(-;0 (3.4) 

and 

W{xa,yz,Tya]1+Da^{Tya,yz)\D^ip{Tya,y?,))dy, (3.5) 



'x7 

with T e N, (^ e 5t and ^ G Q^^^, and for which VKhom(a;° ; • ) is well defined. 

We have that £^(0^ \L) = Q. Given x" G i, we denote by (5'(x° , 5) the cube in M^ centered in x^^ and of 
side length 5 > Q where 5 is small enough so that (5'(x° , (5) € A{lo). 

To prove that W!^^^}{xa;i) = W^hom(a^a; C) for a.e. Xq G w and all ^ G R^^^ we first show in Lemmas 3.4 and 
3.5 below that both functions coincide on L x Q^^^. The general case will only be treated at the end of that 
section using the Caratheodory property of both integrands. 

Fix J G Q^''^ and set v{x) ■.= l-Xa- By (3.3) and (3.4) 

S^O d Jq'{xI,5) 

= hm -— . (3.6) 

<5^0 2(52 ^ ' 

Lemma 3.4. W^^^^ix^-l) ^ VFhom(a;° ;0 for all x^ e L and allle(f^. 

Proof. Given fc G N, let Tfe G N and (pk G St^ with ipk = on 9(0, Tk)"^ x /, be such that 

W^o.aixl;'^) + I ;? -^ [ Wix'i,y3,yc;l+D^My)\D3My))dy. 

This is possible because of the continuity properties {Hi) of W , the growth conditions (^3) and the density of 
St^ in WTfc- Extend (^fe periodically with period Tfc toK^x/. For x G R^x/, define uJ; (x) := S^-Xa+Sn^ki^^^x^). 
For fixed k,u^^ v in L'p{Q'{x^^,5) x /; M^) as n ^ 00, hence, by (3.6) 



^{e„}(2:a;0s^liminfliminf-— / W (x„, xg, — ; L>„<(x) — Dguf^x)) dx 

= liminfliminf— ^ / W ixa,X3,-^;S, + Dafki-^,X3] D2fk(-^,X3]]dx. 



Define 



hk{xa,ya)-= / W{xa.,x:i,Tkya:,^'V Do,^kiTkya,x:>,)\D:iipk{Tkya,x:i))dx:i, 

for a.e. Xq G w and y^ G M^. The continuity of W with respect to ya, its nicasurability and periodicity 
properties, and the fact that Tfc g N lead us to conclude that the function hk G L^((5'(a:;° , (5);Cpcr(Q')) fo'' fixed 
i5 > 0, where Cper(Q') denotes the space of Q'-periodic and continuous functions defined on M^ (see Lemma 5.3 
in Allaire [3]). Lemma 5.2 in [3] together with Fubini's Theorem yields to 



lim / W [xa,Xz,-^]^ + Daipk\-^,Xz 

"^+°°jQ'(a;^,5)x/ V £n V £» 

lim / hk I Xa,— -^ I dxa 



Dzifk ( -^,a;3 ) ) dx 



Q'{xl,S) JQ 



hk{Xa,ya)dyadXa 



W{Xa,X3,Tkya;S, + Da(pkiTkya,X3)\D3ipkiTkya,X3))dyadx3dXa. 



^'(xl.S) JQ'xI 

Using (3.5) and passing to the hmit in (3.7), as 6 ^ 0, we have that 



(3.7) 



Wie„}{xl;0 

€- I W{x'l,X3,Tkya;^+ Da(fk{Tkya,X3)\D3(fk{Tkya,X3))dyadX3 



Q'xl 



1 



^M^hom(a;°;e) + 
Letting k -^ +oo we assert the claim. 



Note that the same proof could be used to prove Lemma 2.5 in Babadjian and Francfort [5]. 
Lemma 3.5. VF{e„}(a;° ;0 ^ Whom{xl;0 for all x^ e L and all J G Q^""^. 
Proof. Let {««} C W^'P{Q'{x'^,d) x /;M'') be a recovering sequence for the F-limit, i.e. 



OinLP{Q'{xl,d) x/;R^) 



and 



Ir^\{v;Q'{x1,5))= lim / VF ( x^xa, -^;^ + !)„«„ (a;) — D3Vnix) ] dx. 

"^^- '-'(xO,5)x7 \ £n En ' 



n — > + oo 



According to Theorem 1.1 in Bocea and Fonseca [7], there exists a subsequence of {£«} (not relabelled) and a 
sequence {«„} C W^'P{Q'{x'^,S) x /;M^) such that, upon setting En := {x G Q'{x^,S) x / : m„(x) = w„(x)}, we 
have that 



(3.8) 



' u„ ^0 in LP{Q'{xl,d)x I; 

< iDaUn\—D3Un] > is cqui-intcgrable, 
lim C''{[Q'{x"^J)xI]\E„)^0. 



n— * + oo 
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Thus, in view of the p-growth condition {H3) together with (3.8) and Remark 2.1, 



X{g^}(w;Q'(x„,(5)) ^ hmsup / W ixa^x^, — ■,^ + DaUr 

n^ + 00 J En ^ ^^ 



D^iUn dx 



hmsup/ W {Xa,X3,-^;^ + DaUr, 

n^ + 00 jQ'(xO,(5)x/ V ^r. 



D^Un ] dx 



hm sup / W i Xa,x^, — ^ ; ^ + D^u^ 

n— +00 J[Q'(x'^,5)xI]\En \ ^n 

1 



-Ds,Ur, dx 



> hmsup; M^ ( x^xa, -^;^ + I?qU^ 






and 



For any /i € N, we spht (5'(a;J^, (5) into h? disjoints cubes Q'^ f^ of side length S/h so that (5'(x" , (5) = Ui=i Q'i h 



X{e„ }(w;(3'(a;", 5) ) ^ hmsup hmsup ^ / W ix^x^, -^iS, + D^Un 

h^ + 00 n^+oc ^^i Jq'- ,^xl \ ^n 



—Dsun ) dx. (3.9) 



For every 77 > and A > 0, let Krj C O and W^'^ be given by Lemma 4.1 below (with A^ = (i = 3, to = 2 
and / = VK). Then 



C''{n\K^)<T^. 



(3.10) 



On the other hand, define 

R^:=\xeQ'{x'i,d)xI 



S. + DaUn{x) DsUnix) 



s; A 



Chebyshev's inequality implies that there exists a constant C > - which does not depend on n or A - such 
that 



C%[Q'{xl,6)xI]\R^J< 



C_ 



(3.11) 



In what follows we denote by limsup the successive limsuphmsuplimsupliinsup. Since W and W^'^ 

X.ri.h.n A^+00 r;— »0 /i— >+oo n— ►+00 

coincide on Kj^xR"^ x B{0, A), where in the sequel the set 5(0, A) stands for the closed ball {^ e R^^^^ : \^\ ^ A} 
of M^^^, we get in view of (3.9) 



lini sup 2_^ / 

\,ri,h.n ^^^J[Q[^ 

By virtue of (4.1) below and (3.10) 



i{e„}(«;Q'(<,'^))^ 

W^-^(x^,x:,,—;l^D^Ur 

■Kl]nR^r]Kr, \ £n 



— DzUn I dx. 



V/ W'^'^{x„,X3,^;^ + D^u^ 



— i?3U« dx ^ /3(1 + AP)r/ > 0, 



uniformly in (n, h), so that 
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lim sup y I 

\,ri,h,n .^^ J[q;^,^ 






D^Un ] dx. 



Then 



Fix ya G Q' ■ Since W^'^{-,ya; ■ ) is continuous, it is uniformly continuous on 57 x B{0, A), and we define the 
modulus of continuity ujrj.x ■ Q' x K^ -^ R^ by 

Wr,,A(2/a,i) :=sup{|T4^'''^(x,y„;0-M^'''^(2;',yo;C')l, where 

(x,e), (x',^') e n X 5(0, A)and |(x;e) - (x';C')l =^ *}• 

^^jj.aC'j i) is lower semicontinuous for all t G M+, 

'-^r),\{ya, •) is continuous and increasing for all ya G Q', 

t^j),A(j/Q,0) = for aU ya e Q' , 
and 

|W^'''^x,y„;e)-W-'''^x',y„;e')K^,,A(y.,|x-x'| + |C-n) (3.12) 

for all (x,^), {x',£^') G il x B{0,X). The first property is a consequence of the fact that the supremum of 
continuous functions is lower semicontinuous, while the other ones are classical properties of moduli of continuity. 
For all t G M^, we extend uJrj,\{-,t) to M^ by Q'-periodicity. Since W'^'^{x, • ; ^) is Q'-periodic, inequality 
(3.12) holds for all j/q G K^. Consequently, for every (xajX^) G [Q^ /^ x /] n R^ and every x'^ G Q'^ ,j. 



W-^ [Xa,X3,-^;^ + DaUn{x) Ds,Un{x) 



-W-"- ( a;^, xa, — ; e + DaUn{x) —DzUn{x) 



^ tJ^,A ,\Xa- X^ 



^ Wr,,A I 



Xa V25 



£n hi 
After integration in (xq, 2:3,0;^) and summation, we get 



V — 



i=l 



«in[Q;^x/] 






-VK""^ ( x'„, X3, — ;e + i?aH„(a;) — i^3W„(x) 



dx > dx' 



SC2 



Xa V2S\ , 
^■q.\ ,—7— dXa- 
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Riemann-Lebesgue's Lemma applied to the Q'-periodic function LOy-i^\{ ■ , \/25 jK) yields, 



lim 2 



Cq yf^^ 



and by Beppo-Levi's Monotone Convergence Theorem 



^■q.\ , — T— d^a =25 UOri.X X^, —7— dXa 



V25 



lim 26^ 

h^-\-oo 



Q' 



^»7,A Xa,—r- dXa = 0. 



Hence 



lim sup y^ -— / < / 



X{,„}(«;g'(x:i,^))> 






Define the following sets which depend on all parameters (77, A, i, h, n) : 



T := {{x'^,Xa,Xi) e Q'^j^ X Q[,^ x / : (x^,X3) G X^ and (x„,a;3) e i?,^J, 
Ti := {{x'^,Xa,X:i) € Q[j^ x Q^^^ x / : (x^,a;3) ^ Kr, and (x„,a;3) G i?^}, 

and note that Q^ x Q^ ,^ x / = T U Ti U T2. Since W{-, y^; ■) and M^'''^(-, j/c,; • ) coincide on K^ x B{0, A), we 
have 



^{e„}(«;Q'(2:;i,<5)) 



> 



hm sup V" TJ / 



T 
'.^ ,2 



VF'''^ a;^,a;3, — ;^ + -DaU«(a;) — D^Unix) dxdx'^ 



h^ f ( Xa - 

= limsupV'— / W [x'^,X3,-^;£, + DaUn{x) 

\,ri,h,n ~[ Jrp \ En 



) — DsUnix) ) dxdx'^. (3.13) 



We will prove that the corresponding terms over Ti and T2 are zero. Indeed, in view of (3.10) and the 
p-growth condition {H3), 



^^ h? f f X - 1 \ 

y^ 77 / W [x'^,X3,-^;S,+ DaUn{x) — DzUn{x)] dxdx'^ 



^ E72^'(QU)'C'([0Ux^]\^.)/3(i + ^'') 



<52 
< /?(l + AP),7--.0, 



(3.14) 
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uniformly in (n, h). The bound from above in (i^s), the equi-integrabihty of < I DaUnl—D^Un ) > and (3.11) 
imply that 






W ( x'^, X3, -^-^ S, + DaUn{x) DsUnix) ] dx dx'^ 



^2 



DaUn{x) D^Unix) 



/3/ (1 

'[Q'(2;0,5)x/]\fl^ 



DaUn{x) D^Unix) 



dx 



A — *+oo 



dx 



0, (3.15) 



uniformly in (?7,n, ft,). Thus, in view of (3.13), (3.14), (3.15), Fatou's Lemma yields 

X{,„}(«;g'(xO,J)) 

^^ 1,2 f f / 

^ lim sup lim sup V" -2 / / VK ( x^, 2:3, -^;|' + DqU„ 

^limsupy^— ^/ liminf / M^ ( a;^, X3, -^;^+ DaUn 

Fix x^ G Q^ ;j such that W]iom{x'a', is well defined and set Z{x;^) := W{x'^,X3,Xa]C)- It is easy to check 
that Z is a Caratheodory integrand hence, applying Theorem 4.2 of Braides, Fonseca and Francfort [11], we get 
since u„ ^ in LP(g'(x°,(5) x I;M.^), 

2—rZ(J) ^liminf / Z [ -^,X3]1 + DaUn{x) -DzUn(x)] dx, 

where 



— D:iUn \dxdx'„, 



— -DsUn ]dxdx'^. 



z{0 



inf < I Z{x]i, + Da(p{x)\D3ip{x))dx : 

T>0, V >- J(0,T)2x/ 



(/?e VK^'P((0,T)2 x/;IR3), (/? = on 9(0, r)2 x jj. 



In view of the previous formula together with (1.4) and Remark 2.3, we have that Z{i) = Whom (2;^; 0- Then 

K2 



lim inf 

n — ^+00 



Q[,H-Xl 



Xa - 1 \ 2(5^ - 

W ( x'^, X3, —; £_ + DaUnix) DsUnix) J dx ^ -— Whomix'alO^ 



and so 



2^{e„}(«;Q'(a;°,'^)) ^ lim sup V -2- / ^^ VKhom(a;c 



a: ^I^X^ 



Q'ixl.S) 



Wi,oin{x'a;1)dx'^ 
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Dividing both sides of the previous inequality by S'^ and passing to the hniit when (5 \ 0+, we obtain by 
(3.4) and (3.6) 

W^{e„}«;O^W^hom(x°;C). 



Proposition 3.6. W[^^y{xa;£,) — Whomixa',0 a-e. Xa £ uj and all £_ e IR-^^^. 

Proof. Let E be the intersection of the set L (see Definition 3.3) with the subset of points x'^ C^ u where 
'^{e„}{^a'j ') a-iid T4^hom(2;a; ') arc continuous (see Lemma 2.6). Then C'^ {uj \ E) = and in view of Lemma 3.4 
and 3.5, we have that for aU x° € S and for aU ^ e Q^^^, 

T^{e„}(2^Q;?) = W^hom(a;° ;1^). Since W^{e„}(a:° ; • ) and Whom(a;° ; • ) are continuous for all x^ e E, the equality 
W{e„}{x'i;0 = Whom{x"c.;0 holds truc for x'i e E and aU f e R^^'l 

m 

Corollary 3.7. r{LP{A x /))- limXg( ■ ;A) ~ 2'hom( • ; A) for all A E A{uj), where Xhom('; ^) 's the functional 

€ 

defined in (3.1). 

Proof. From Proposition 3.6 we can conclude that Ihom(s A) is well defined and 

T{LP{AxI))- limXe„(-;^)=2:hom(-;^) 

n 

for all A G A{lo) (see Remark 3.1). Since this limit does not depend upon the extracted subsequence, in view 
of Proposition 7.11 in Braides and Defranceschi [10], the whole sequence {Ie{ • ; ^)}£>o T{U'{A x /))-converges 
to Xhom( • ; A) for each A G A{(-o). ■ 

The proof of Theorem 1.2 comes as a consequence of Corollary 3.7 taking A = lo. 

4 Appendix 

We now prove a technical result on extension of Carathcodory functions that was useful in the proof of Lemma 
3.5. The argument used is very close to that of Theorem 1, Section 1.2 in Evans and Gariepy [16]. 

Lemma 4.1. Let Vt C M^ he a hounded open set and / : il x M™ x W^'^^ -^M. a function such that 

f{x, • ; • ) is continuous for a.e. x G il; 

/( ' 2/j ^^ C^ -measurable for all y G M.^ and ^ G M.^ ; 
f{x, • ;C) is (0, l)"'-periodic for a.e. x E n and all (, G R'^^^. 
Assume also that there exists /3 > and \ S^p < oo such that 

^l^r " /? ^ f{x, y, ^ /3(1 + \^n, for a.e. x G O and all {y, G M™ x R-^x^. 

Then for any r] > and A > there exist a compact set K^ d Vl and a function f^'^ : R^ x R™ x R''^^ —> R 
such that 
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/"'^(x, y; = f{^. y, for all {x, y, G X^ x M™ x 5(0, A), 

f^''^{ -,11; • ) is continuous for all y G R™, 

r''^{x, • ;^) is continuous and (0, l^^ -periodic for all (x,^) G M^ x K''^^, 



and 



-(3 ^ f^^\x, y- «; /3(1 + AP), for all {x, y, e M^ x K™ x 



m , , TrD(ixA'" 



(4.1) 



Proof. Since / is a Caratheodory function, by Scorza Dragoni's Theorem (see Ekeland and Teman [15]) for 
all r; > there exists a compact set K^ C VI satisfying C^ (Vt \ K^) < rj and such that / is continuous on 



Kj^ X JK'" X 



m w m}dxN 



Let C'^ := Krj x B(0, A) = C (to simplify notation) and t/''^^ := (I 



.Af ^ ^^)dxA^^ 



XC"- 



t/. 



Fix (s,7) e C, and for all (x,^) e f7 set 



'^('s^7) (^' ^) :=max<^^ 



dist((x,0,C) 



'0 f = '"(s,7)(2;>0- 



Clearly 



^(s,7) 



is continuous on [/, 



< U(^s.-f) s% 1, 

U(^s,-f){x,0 = if and only if \{s,j)- (x,^)| ^ 2dist((x, ^), C). 

Let {s^Aj^i = {sj}j^i and {j}}j^i = {7j}j>i be countable dense families in X^ and _B(0, A), respectively. 
Define 

a'''\x,0 :- 5]2-%(,^,^^.)(x,e) = a{x,0 for aU (x,e) G C/. 

Since cr is the uniform limit of a sequence of continuous functions in U, then a is continuous in U. Moreover, 
for aU (x, C) e C/ 

0<^(x,e)s^l. 

Indeed, assume that cr(x,^) = for some (x,^) G U. Then, for all j ^ 1, W(s^ ,.y^)(x,^) = and thus 
|(sj,7j) — (x,^)| ^ 2dist((x,^),C). The density of {sj,-fj} in C yields that 

|(s,7)-(x,e)|^2dist((x,e),C) 

for all (s, 7) G C. We obtain a contradiction if wc choose (s, 7) to be those points of C such that dist((x, £,),C) — 
dist((x,^), (s,7)) so (j{x,^) > for all (x,^) G U. Consequently, the function 






(2^,0 



Cr(x,C) 

is well defined and continuous in U . Moreover it satisfies that 

Os;«fc(x,0^1, ^«fe(x,0 = l forall(x,0e(7. 
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Fix y G M™ and define the continuous extension of ,f{-,y; ■ ) outside C as 

r f{x,y,0 iiix,OeC, 

r''\x,y;0 = l J2vk{x,0f{sk,y;jk) ii{x,OeU. 

Obviously, we have f^'^{x,y;^) = f{x,y;£,) for aU {x,y,£_) e K,^ x M™ x _B(0, A). On the other hand, if 
(x, y, ^) is such that (x, ^) G t/, in view of the p-growth and the p-coercivity condition on / we get 

Since we have 

then the function 

(x, y,0'-^Yl 2"''"(s,.,7fc) (^' Ofisk,y; ik) 

is continuous on {(x,y,^) : (x,^) E U, y E M™}. In particular, for all (x,^) G M^ x K''^^ the function 
f^'^ix, • ;^) is continuous. Furthermore, /'''^(x, • ; ^) is (0, l)™-periodic because if i G Z™ then for (x,^) G U 

p-\x, y + i;0 = Y. ""kix, lisk.V + i; 7fc) = E ^fe(^' ^) /(^fe' 2^5 ^'') = /'''^(^' 2^5 ^)- 
Finally we prove the continuity of ,P'^(-, y-.-). By (4.2) it suffices to show that for all (a. A) G C 

lim r^\x,y;0^.na,y;A). 

U3{x,^)^{a,A) 

As {{sj,"fj)}j^i is dense in C and f{-,y', •) is continuous on C, for every e > there exists 6 > such that 
\f{a,y;A) — f{sj,y;jj)\ < e for all j ^ 1 with |(a, A) — {sj,jj)\ < S. Assume that |(x,^) — (a, A)| < (5/4 and 
suppose that j ^ 1 is such that |(a, ^) — {sj,7j)\ ^ S. Then 

6 ^ \{a,A) - (s„7,)| ^ \{a,A) - (x,e)| + |(x,e) - (sj,7j)| ^ ^ + |(2;,e) - (s„7,)l, 
and thus 

|(x,e) - (s„7,)l ^ ^ > 2|(a, A) - (x,OI ^ 2dist((x,e), C). 
Consequently, Wj(x,^) = if j is such that |(a, A) — (sj, 7j)| ^ (5, and so 

\r^^(x,y;0~f{a,y;A)\^ ^ i;,(x, OI/(s„ y; 7,) ~ ./(«, y; ^)l < £, 

because non zero terms of the sum are those which satisfy \f{a,y;A) — f{sj,y;"fj)\ < e. The continuity of 
f^'^i-, y; •) now follows. ■ 
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